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1
Abstract
Negative Poisson’s ratio, or auxetic, materials present the possibility of designing struc-
tures and components with tailored or enhanced mechanical properties.
This thesis explores the phenomenon of auxetic behaviour in cubic crystals using
classical and quantummodelling techniques and assesses the validity of these techniques
when predicting auxetic behaviour in cubic elemental metals. These techniques are then
used to explore the mechanism of this behaviour.
The findings of the atomistic modelling are then used as a template to create networks
of bending beams with tailored Poisson’s ratio behaviour.
2
Contents
1 Background: Properties of materials 22
1.1 Negative Poisson’s ratio materials . . . . . . . . . . . . . . . . . . . . . . . 22
1.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.1.2 Crystals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.1.2.1 Simple Crystals . . . . . . . . . . . . . . . . . . . . . . . . 24
1.1.2.2 Silicates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
1.1.2.3 Paratellurite . . . . . . . . . . . . . . . . . . . . . . . . . . 26
1.1.2.4 Metal organic frameworks . . . . . . . . . . . . . . . . . . 27
1.1.3 Fabricated structures . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.1.3.1 Honeycombs . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.1.3.2 Foams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
1.1.3.3 Molecular Auxetics . . . . . . . . . . . . . . . . . . . . . . 29
1.1.3.4 Composites . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
1.1.3.5 Granular materials . . . . . . . . . . . . . . . . . . . . . . . 31
1.1.3.6 Applications of mono-crystalline structures . . . . . . . . 31
1.1.4 Investigative Methodologies . . . . . . . . . . . . . . . . . . . . . . 31
1.1.4.1 Crystallography . . . . . . . . . . . . . . . . . . . . . . . . 32
1.1.4.2 Spectroscopy . . . . . . . . . . . . . . . . . . . . . . . . . . 32
1.1.4.3 Molecular Modelling Techniques . . . . . . . . . . . . . . 33
1.1.4.4 Analytical Modelling . . . . . . . . . . . . . . . . . . . . . 34
1.1.4.4.1 Rotating Rigid Units . . . . . . . . . . . . . . . . 35
1.2 Other unusual material behaviour . . . . . . . . . . . . . . . . . . . . . . . 36
3
1.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
1.2.2 Negative Thermal Expansion . . . . . . . . . . . . . . . . . . . . . . 36
1.2.2.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
1.2.2.2 Crystals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
1.2.2.2.1 Cubic crystals . . . . . . . . . . . . . . . . . . . . 36
1.2.2.2.2 Metal Organic Frameworks . . . . . . . . . . . . 37
1.2.2.2.3 Other framework structures . . . . . . . . . . . . 37
1.2.2.3 Mechanisms of NTE . . . . . . . . . . . . . . . . . . . . . . 39
1.2.2.3.1 Increasing symmetry . . . . . . . . . . . . . . . . 39
1.2.2.3.2 Positive expansion of bonds . . . . . . . . . . . . 39
1.2.2.3.3 Electron valence transition/cation movement . . 40
1.2.2.3.4 Rotation of rigid units . . . . . . . . . . . . . . . 40
1.2.2.4 Methodologies . . . . . . . . . . . . . . . . . . . . . . . . . 40
1.2.2.4.1 Experimental . . . . . . . . . . . . . . . . . . . . . 40
1.2.2.4.2 Analytical Modelling - Rotating unit modes . . . 41
1.2.2.4.3 Molecular modelling . . . . . . . . . . . . . . . . 41
1.2.3 Negative Linear Compressibility . . . . . . . . . . . . . . . . . . . . 42
2 Background: Theoretical framework and computational modelling 43
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.2 General elasticity equations for stress and strain . . . . . . . . . . . . . . . 43
2.2.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.2.1.1 Mandel notation . . . . . . . . . . . . . . . . . . . . . . . . 44
2.2.1.2 Voigt Notation . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.2.2 The strain tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.2.3 The stress tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.2.4 Generalised Hooke’s Law . . . . . . . . . . . . . . . . . . . . . . . . 48
2.2.5 Conversion between sti↵ness and compliance . . . . . . . . . . . . 49
2.2.6 Rotations of constants . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.2.7 Relationship between elastic constants and engineering constants . 53
2.2.7.1 Young’s Modulus . . . . . . . . . . . . . . . . . . . . . . . 54
4
2.2.7.2 Poisson’s ratio . . . . . . . . . . . . . . . . . . . . . . . . . 54
2.2.7.3 Shear Modulus . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.2.7.4 Bulk Modulus . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.2.7.5 Zener ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
2.2.8 Application to auxetic media . . . . . . . . . . . . . . . . . . . . . . 56
2.3 Classical atomistic modelling techniques . . . . . . . . . . . . . . . . . . . 58
2.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.3.2 Two Body Potentials . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.3.2.1 The Morse Potential . . . . . . . . . . . . . . . . . . . . . . 59
2.3.2.2 The Lennard-Jones Potential . . . . . . . . . . . . . . . . . 60
2.3.2.3 The Cauchy relation . . . . . . . . . . . . . . . . . . . . . . 60
2.3.3 Many Body Potentials . . . . . . . . . . . . . . . . . . . . . . . . . . 61
2.3.3.1 ’Basic’ many-body potentials . . . . . . . . . . . . . . . . . 61
2.3.3.2 Embedded atom model for metals . . . . . . . . . . . . . . 62
2.3.3.3 The Finnis-Sinclair potential . . . . . . . . . . . . . . . . . 63
2.3.3.4 Sutton-Chen potential . . . . . . . . . . . . . . . . . . . . . 64
2.3.3.5 The Cleri-Rosato potential . . . . . . . . . . . . . . . . . . 64
2.4 Quantum Atomistic Modelling Techniques . . . . . . . . . . . . . . . . . . 66
2.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
2.4.2 Application to auxetic media . . . . . . . . . . . . . . . . . . . . . . 66
2.4.2.1 Selected applications of DFT to find elastic properties . . 66
2.4.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
2.5 The finite-element method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3 Fundamental atomistic modelling of the elastic properties of cubic crystals 70
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.2 Modelling methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.2.2 Derivation of elastic energy . . . . . . . . . . . . . . . . . . . . . . . 71
3.2.3 Strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
3.2.3.1 Calculation of bulk modulus . . . . . . . . . . . . . . . . . 73
5
3.2.3.2 Calculation of tetragonal shear modulus . . . . . . . . . . 74
3.2.3.3 Calculation of rhombohedral shear modulus . . . . . . . . 74
3.2.3.4 Summary: Finding elastic properties from strains . . . . . 75
3.2.3.5 Poisson’s ratio . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.2.4 Geometry considerations for cubic crystal systems . . . . . . . . . . 76
3.2.4.1 Face-centred cubic unit cell . . . . . . . . . . . . . . . . . 76
3.2.4.2 Body-centred cubic unit cell . . . . . . . . . . . . . . . . . 78
3.3 Elastic properties calculated from analytical modelling . . . . . . . . . . . 81
3.3.1 A simple model: volume dependence . . . . . . . . . . . . . . . . . 81
3.3.1.1 Bulk modulus . . . . . . . . . . . . . . . . . . . . . . . . . 81
3.3.1.2 Tetragonal shear . . . . . . . . . . . . . . . . . . . . . . . . 82
3.3.1.3 Rhombohedral shear . . . . . . . . . . . . . . . . . . . . . 82
3.3.1.4 Poisson’s ratios . . . . . . . . . . . . . . . . . . . . . . . . . 83
3.3.1.5 Material properties from volume potential . . . . . . . . . 83
3.3.2 A simple pair potential: The spring model . . . . . . . . . . . . . . 84
3.3.2.1 Application to a face-centred cubic unit cell . . . . . . . . 84
3.3.2.1.1 Bulk modulus: . . . . . . . . . . . . . . . . . . . . 84
3.3.2.1.2 Tetragonal shear: . . . . . . . . . . . . . . . . . . 84
3.3.2.1.3 Rhombohedral shear: . . . . . . . . . . . . . . . . 85
3.3.2.1.4 Poisson’s ratio: . . . . . . . . . . . . . . . . . . . . 85
3.3.2.2 Application to the body-centred cubic unit cell . . . . . . 86
3.3.2.2.1 Bulk modulus: . . . . . . . . . . . . . . . . . . . . 86
3.3.2.2.2 Tetragonal Shear modulus: . . . . . . . . . . . . 86
3.3.2.2.3 Rhombohedral shear modulus: . . . . . . . . . . 86
3.3.2.2.4 Poisson’s ratio: . . . . . . . . . . . . . . . . . . . . 87
3.3.2.3 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
3.3.2.4 Combination of the spring and volumetric potentials . . . 87
3.3.3 The Lennard-Jones Potential . . . . . . . . . . . . . . . . . . . . . . 89
3.3.3.1 Face Centred Cubic cells . . . . . . . . . . . . . . . . . . . 89
3.3.3.1.1 First nearest neighbours . . . . . . . . . . . . . . 89
6
3.3.3.1.2 Second nearest neighbours . . . . . . . . . . . . . 92
3.3.3.2 Body centred cubic cells . . . . . . . . . . . . . . . . . . . . 96
3.3.3.2.1 First nearest neighbours . . . . . . . . . . . . . . 96
3.3.3.2.2 Second nearest neighbours . . . . . . . . . . . . . 98
3.3.3.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
3.3.3.3.1 First nearest neighbours . . . . . . . . . . . . . . 101
3.3.3.3.2 Second nearest neighbours . . . . . . . . . . . . . 102
3.3.3.3.3 Influence of potential range . . . . . . . . . . . . 102
3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
3.4.1 Summary of calculated properties . . . . . . . . . . . . . . . . . . . 105
4 Atomistic modelling of the elastic properties of cubic crystals 106
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.1.1 Elemental cubic metals . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.1.2 Covalently bonded zincblende compounds . . . . . . . . . . . . . . 107
4.2 Classical Potentials: Methodology . . . . . . . . . . . . . . . . . . . . . . . 109
4.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.2.2 Numerical modelling methodology . . . . . . . . . . . . . . . . . . 109
4.2.2.1 Calculation of Poisson’s ratio for elemental cubic metals . 110
4.2.2.1.1 Optimisation method . . . . . . . . . . . . . . . . 111
4.2.2.1.2 Direct measurement method . . . . . . . . . . . . 111
4.2.2.2 Parameter space exploration . . . . . . . . . . . . . . . . . 112
4.2.2.3 Modelling of a coupled three-body/harmonic system . . . 113
4.2.2.3.1 Fitting of potentials to covalently bonded cubic
crystals . . . . . . . . . . . . . . . . . . . . . . . . 114
4.3 Elastic properties calculated from classical potentials . . . . . . . . . . . . 115
4.3.1 Experimental data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
4.3.2 Elastic and engineering constant data from potential models . . . . 117
4.3.2.1 Accuracy of calculated properties . . . . . . . . . . . . . . 117
4.3.2.2 Morse Potential . . . . . . . . . . . . . . . . . . . . . . . . 118
4.3.2.2.1 Analysis: Morse Potential . . . . . . . . . . . . . 119
7
4.3.2.3 Finnis-Sinclair potential . . . . . . . . . . . . . . . . . . . . 121
4.3.2.3.1 Analysis: Finnis-Sinclair . . . . . . . . . . . . . . 122
4.3.2.4 Sutton-Chen potential . . . . . . . . . . . . . . . . . . . . . 123
4.3.2.4.1 Analysis: Sutton-Chen Potential . . . . . . . . . . 124
4.3.2.5 Cleri-Rosato potential . . . . . . . . . . . . . . . . . . . . . 125
4.3.2.5.1 Analysis: Cleri-Rosato Potential . . . . . . . . . . 126
4.3.2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
4.3.3 Deformed structures calculated from classical potentials . . . . . . 127
4.3.3.1 Body-centred cubic crystals . . . . . . . . . . . . . . . . . 128
4.3.3.2 Face-centred cubic crystals . . . . . . . . . . . . . . . . . . 128
4.3.4 Variation of predicted properties with phase space exploration . . 131
4.3.4.1 Morse potential . . . . . . . . . . . . . . . . . . . . . . . . 131
4.3.4.2 Finnis-Sinclair potential . . . . . . . . . . . . . . . . . . . . 133
4.3.4.3 Sutton-Chen Potential . . . . . . . . . . . . . . . . . . . . . 134
4.3.4.4 Analysis: VariationofpredictedPoisson’s ratiowithphase-
space exploration . . . . . . . . . . . . . . . . . . . . . . . 135
4.3.4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 136
4.3.5 Elastic constants calculated from coupled three-body/harmonic sys-
tem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
4.3.5.1 Influence of the relationship of three-body and axial forces
on predicted properties . . . . . . . . . . . . . . . . . . . . 139
4.4 Can classical potentials predict auxetic behaviour? . . . . . . . . . . . . . 140
5 Density Functional Theory modelling of elastic properties of cubic elemental
metals 141
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
5.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
5.2.1 Convergence example . . . . . . . . . . . . . . . . . . . . . . . . . . 142
5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
5.3.1 LDA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
5.3.2 GGA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
8
5.3.3 PAW LDA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
5.3.4 PAW PBE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
5.3.5 Magnetic moment consideration . . . . . . . . . . . . . . . . . . . . 163
5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
6 Finite Element Modelling of cubic frameworks 168
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
6.2 From crystalline bonds to beam networks . . . . . . . . . . . . . . . . . . . 169
6.3 Analytical derivation of mechanical properties of cubic beam structures . 171
6.3.1 Assumptions used in analytical modelling . . . . . . . . . . . . . . 171
6.3.2 Type I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
6.3.3 Type II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
6.3.4 Type III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
6.3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
6.4 Finite element modelling methodology . . . . . . . . . . . . . . . . . . . . 178
6.4.1 Element type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
6.4.2 Mesh convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
6.4.3 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 180
6.4.3.1 Representative volume element . . . . . . . . . . . . . . . 181
6.4.3.2 Panel model . . . . . . . . . . . . . . . . . . . . . . . . . . 181
6.4.3.2.1 Comparison of RVE and Panel Model . . . . . . 182
6.4.3.3 Material Properties . . . . . . . . . . . . . . . . . . . . . . 182
6.4.3.4 Loading conditions . . . . . . . . . . . . . . . . . . . . . . 182
6.4.4 High throughput techniques . . . . . . . . . . . . . . . . . . . . . . 183
6.4.4.1 Varying material properties . . . . . . . . . . . . . . . . . 183
6.4.4.2 Automatic generation of beam networks from crystallo-
graphic structure data . . . . . . . . . . . . . . . . . . . . . 183
6.4.4.3 Calculation of properties . . . . . . . . . . . . . . . . . . . 184
6.4.5 Validation of finite element modelling with analytical model . . . . 185
6.5 Results of finite element modelling . . . . . . . . . . . . . . . . . . . . . . . 186
6.5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
9
6.5.2 Comparison of panel model and RVE . . . . . . . . . . . . . . . . . 187
6.5.3 Elastic properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
6.5.3.1 Poisson’s ratio . . . . . . . . . . . . . . . . . . . . . . . . . 191
6.5.3.2 Young’s modulus . . . . . . . . . . . . . . . . . . . . . . . 193
6.5.3.3 Shear modulus . . . . . . . . . . . . . . . . . . . . . . . . . 195
6.5.3.4 Comparison with [100] axis . . . . . . . . . . . . . . . . . 196
6.5.3.5 Summary of results . . . . . . . . . . . . . . . . . . . . . . 197
6.5.3.6 Mechanical performance of beamnetworks relative to con-
ventional honeycomb . . . . . . . . . . . . . . . . . . . . . 198
6.5.3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
7 Discussion 201
7.1 Synopsis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
7.1.1 Classical Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
7.1.2 Ab-initio modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
7.1.3 Mechanical modelling . . . . . . . . . . . . . . . . . . . . . . . . . . 205
7.2 Further Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
7.2.1 Exploration of auxetic behaviour in crystals . . . . . . . . . . . . . . 206
7.2.2 Beam networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
7.3 Key Findings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
A Methodology of DFT 210
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
A.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
A.2.1 The Schrödinger Equation . . . . . . . . . . . . . . . . . . . . . . . 210
A.2.2 Born Oppenheimer Approximation . . . . . . . . . . . . . . . . . . 211
A.2.3 Hohenberg-Kohn Theorem and Kohn-Sham Theorem . . . . . . . . 211
A.2.4 Self consistent loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
A.2.5 Hellman-Feynman Theorem . . . . . . . . . . . . . . . . . . . . . . 214
A.2.6 Choice of Pseudpotentials . . . . . . . . . . . . . . . . . . . . . . . . 215
A.2.7 Periodicity, reciprocal space and k-point mesh . . . . . . . . . . . . 215
10
A.2.8 Basis, plane waves and energy cuto↵ . . . . . . . . . . . . . . . . . 216
A.2.8.1 Magnetic moment consideration . . . . . . . . . . . . . . . 216
B The Finite Element Method 219
B.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
B.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
B.2.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
B.2.2 Pre-processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
B.2.2.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
B.2.2.2 Material properties . . . . . . . . . . . . . . . . . . . . . . 221
B.2.2.3 Analysis type, boundary conditions and loading . . . . . 221
B.2.3 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
B.2.4 Post-processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222
C Derivation of o↵-axis elastic constants from on-axis deformation using the finite
element method 223
11
List of Figures
1.1 Schematic orthographic projection of non-auxetic, auxetic and completely
auxetic material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.2 The auxetic mechanism of a re-entrant honeycomb . . . . . . . . . . . . . . 28
1.3 The auxetic mechanism of one cell of a tetrachiral honeycomb . . . . . . . 28
2.1 Schematic showing normal and shear stresses . . . . . . . . . . . . . . . . . 47
2.2 Angles used to describe rotated properties . . . . . . . . . . . . . . . . . . 51
2.3 Schematic representation of a classical potential energy function . . . . . . 59
2.4 Schematic showing a two-body (axial), and three-body (angular spring)
potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.1 A face centred cubic unit cell . . . . . . . . . . . . . . . . . . . . . . . . . . 76
3.2 Strains applied for c’ shear in an FCC structure. . . . . . . . . . . . . . . . 77
3.3 Strains applied for c44 shear in an FCC structure. . . . . . . . . . . . . . . 78
3.4 A body centred cubic unit cell . . . . . . . . . . . . . . . . . . . . . . . . . . 78
3.5 Strain for C‘ shear for body-centred cubic, (110) plane . . . . . . . . . . . . 79
3.6 Shear displacement for c44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
3.7 Variation of the (11¯0, 110) Poisson’s ratio with change in cuto↵, for an
arbitrary FCC system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.8 Variation of the lattice constant (normalised relative to the lattice constant
for the first nearest neighbour value) with change in cuto↵, for an arbitrary
FCC system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.9 Variation of the (11¯0, 110) Poisson’s ratio with change in cuto↵, for an
arbitrary BCC system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
12
3.10 Variation of the lattice constant (normalised relative to the lattice constant
for the first nearest neighbour value) with change in cuto↵, for an arbitrary
BCC system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.1 Relative orientation of a body-centred cubic unit cell . . . . . . . . . . . . . 111
4.2 Schematic representation of the Keating model . . . . . . . . . . . . . . . . 113
4.3 Structure of covalently bonded zincblende type crystal structure . . . . . . 114
4.4 Deformation mechanism of body-centred cubic crystal . . . . . . . . . . . 128
4.5 A ’side’ view and a ’top’ view of the deformed unit cell . . . . . . . . . . . 129
4.6 The ’external’ deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
4.7 The hinging of the inter-layer bonds . . . . . . . . . . . . . . . . . . . . . . 130
4.8 The ’internal’ deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
4.9 ⌫with variation of Morse potential ↵ . . . . . . . . . . . . . . . . . . . . . . 131
4.10 ⌫with variation of Morse potential r0 . . . . . . . . . . . . . . . . . . . . . . 132
4.11 ⌫with variation of Finnis-Sinclair potential density . . . . . . . . . . . . . 133
4.12 ⌫with variation of Finnis-Sinclair potential density . . . . . . . . . . . . . 133
4.13 ⌫with variation of Sutton-Chen potential density . . . . . . . . . . . . . . 134
4.14 ⌫with variation of Sutton-Chen potential repulsive component . . . . . . 134
4.15 Poisson’s ratio (⌫110,11¯0) and relative spring sti↵nesses calculated from the
three-body/harmonicmodel for selected body-centred cubic elementalmetals136
4.16 Poisson’s ratio (⌫110,11¯0) and relative spring sti↵nesses calculated from the
three-body/harmonic model for selected covalently bonded cubic metal
compounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
5.1 Convergence of elastic constants with change in energy cuto↵ . . . . . . . 143
5.2 Poisson’s ratio in the o↵-axis direction for cubic elemental metals, calcu-
lated from LDA pseudopotential . . . . . . . . . . . . . . . . . . . . . . . . 147
5.3 Poisson’s ratio in the o↵-axis direction for cubic elemental metals, calcu-
lated from GGA pseudopotential . . . . . . . . . . . . . . . . . . . . . . . . 151
5.4 Poisson’s ratio in the o↵-axis direction for BCC elementalmetals, calculated
from PAW-LDA pseudopotential . . . . . . . . . . . . . . . . . . . . . . . . 154
13
5.5 Poisson’s ratio in the o↵-axis direction for FCC elementalmetals, calculated
from PAW-LDA pseudopotential . . . . . . . . . . . . . . . . . . . . . . . . 154
5.6 Poisson’s ratio in the o↵-axis direction for BCC elementalmetals, calculated
from PAW-PBE pseudopotential . . . . . . . . . . . . . . . . . . . . . . . . . 162
5.7 Poisson’s ratio in the o↵-axis direction for FCC elementalmetals, calculated
from PAW-PBE pseudopotential . . . . . . . . . . . . . . . . . . . . . . . . . 162
6.1 Representative unit cell for the simple cubic, body-centred cubic and face-
centred cubic cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
6.2 Structures under consideration . . . . . . . . . . . . . . . . . . . . . . . . . 171
6.3 Type I structure, [110] strain . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
6.4 Free body diagram of simplified structure . . . . . . . . . . . . . . . . . . . 173
6.5 Type II structure, [100] strain . . . . . . . . . . . . . . . . . . . . . . . . . . 174
6.6 Load configuration for type II structure ([110] direction), side view . . . . 174
6.7 Load configuration for type II structure ([110] direction), top view . . . . 175
6.8 Type III cubic structure, [110] strain. . . . . . . . . . . . . . . . . . . . . . . 175
6.9 Type III cubic structure, [110] strain . . . . . . . . . . . . . . . . . . . . . . 176
6.10 Schematic showing the deformed shape of a cantilevered beam . . . . . . 179
6.11 Evolution of Poisson’s ratiowithmesh density for an arbitrary type II beam
network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
6.12 Schematic showing the boundary conditions applied for axial and shear
loading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
6.13 Representative volume element . . . . . . . . . . . . . . . . . . . . . . . . . 181
6.14 Poisson’s ratio of structure for all considered cases, for strains in the [110]
direction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
6.15 In-plane deformed configuration of panel model . . . . . . . . . . . . . . . 188
6.16 Deformed shape of the RVE model . . . . . . . . . . . . . . . . . . . . . . . 189
6.17 Representative unit cell for the structure with two dominant types of beams 190
6.18 Poisson’s ratio of structure for cases where two types of beams are dominant191
6.19 Tensilemodulus of structure for caseswhere two types of beams are dominant193
6.20 Shear modulus of structure for cases where two types of beams are dominant195
14
7.1 Possible network structures of MOF5 and ↵-cristobalite. . . . . . . . . . . 207
A.1 Flow diagram of DFT process . . . . . . . . . . . . . . . . . . . . . . . . . . 213
C.1 Poisson’s ratio in the (110, 11¯0) directions . . . . . . . . . . . . . . . . . . . 225
15
List of Tables
3.1 Elastic constants calculated for each of the potential models . . . . . . . . 105
3.2 Poisson’s ratio calculated for each of the potential models using the elastic
constants shown in table 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.1 Poisson’s ratio maxima and minima for elemental cubic metals . . . . . . . 108
4.2 Varied potential parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
4.3 Elements used as basis for parameter space exploration. . . . . . . . . . . 113
4.4 Experimentally observed elastic properties of elemental metals . . . . . . 116
4.5 Elastic constants for elemental metals, calculated using Morse potential . 118
4.6 Engineering constants for elemental metals, calculated usingMorse potential119
4.7 Elastic constants for elemental metals, calculated using Finnis-Sinclair po-
tential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.8 Engineering constants for elementalmetals, calculatedusingFinnis-Sinclair
potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.9 Elastic constants for elementalmetals, calculated using Sutton-Chenpotential123
4.10 Engineering constants for elemental metals, calculated using Sutton-Chen
potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
4.11 Elastic properties for elemental metals, calculated using Cleri-Rosato po-
tential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
4.12 Engineering constants for elemental metals, calculated using Cleri-Rosato
potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
4.13 Elastic properties for body-centred cubic metals, calculated using Three-
body/harmonic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
16
4.14 Elastic constantdata fromThree-body/harmonicmodel for covalentlybonded
cubic crystals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
5.1 Experimentally observed elastic constant data for elemental cubic metals.
Data taken from Landolt-Bornstein (1985). Poisson’s ratio in the [110]
direction calculated from these data. . . . . . . . . . . . . . . . . . . . . . . 144
5.2 Elastic properties of elemental metals calculated using LDA pseudopoten-
tials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
5.3 Engineering constants of elemental metals calculated using LDA pseu-
dopotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
5.4 Elastic properties of elemental metals calculated using GGA pseudopoten-
tials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
5.5 Engineering constants of elemental metals calculated using GGA pseu-
dopotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
5.6 Elastic properties of elemental metals calculated using PAW-LDA pseu-
dopotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
5.7 Engineering constants of elemental metals calculated using LDA-PAW
pseudopotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
5.8 Elastic properties of elemental metals calculated using PAW-PBE pseu-
dopotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
5.9 Engineering constants of elementalmetals calculatedusingPAW-PBEpseu-
dopotentials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
5.10 Elastic properties of elemental metals calculated using four pseudpotentials 164
5.11 Engineering constants of elemental metals calculated using using four
pseudpotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
6.1 Displacements of nodal points for BCC structure loaded in [110] direction 177
6.2 Comparison of panel and RVE model . . . . . . . . . . . . . . . . . . . . . 182
6.3 Displacements of nodal points for Type I structure . . . . . . . . . . . . . . 185
6.4 Comparative (dimensionless) values for tensile and shear modulus, and
Poisson’s ratio for maximum component beam sti↵ness. . . . . . . . . . . 197
17
6.5 Parameters used in the finite element analysis, and subsequently in deter-
mining normalised material properties. . . . . . . . . . . . . . . . . . . . . 199
6.6 Apparent and relative mechanical properties for structures where one, two
and three beams are presentwithin the structure, and the component beams
have equal material properties (see table 6.5). . . . . . . . . . . . . . . . . 199
6.7 Apparent and relative mechanical properties for conventional honeycomb
structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
7.1 Poisson’s ratio calculated for each of the potential models . . . . . . . . . . 202
7.2 Ability of each potential to predict Poisson’s ratio . . . . . . . . . . . . . . 204
C.1 Comparison of Poisson’s ratio calculated directly from strains in the (110)
direction, and from rotating the elastic constants derived from strains in
the (100) direction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224
18
Acknowledgements
Foremost, I would like to express my sincere gratitude to Dr Arnaud Marmier for his
continuous support and guidance, for his patience, motivation and enthusiasm. I could
not have imagined having a better advisor and mentor. I would like to thank Professor
Ken Evans for his encouragement, insightful comments, and challenging questions.
I thank my fellow researchers: Chris Taylor, Nunzio Palumbo, Marc Boucher, Rob
Allen, Matt Johns, Ste Mellor and David Barnes. A special thanks goes to Dr. Wayne
Miller who has supported me both academically and pastorally throughout my time at
Exeter.
Last but not the least, I would like to thank my family: my parents Paul and Wendy,
for all the support and help that they have given me throughout the years.
19
